We analyze the statistical performance of identification of stochastic dynamical systems with nonlinear measurement sensors. This includes stochastic Wiener systems, with linear dynamics, process noise and measured by a non-linear sensor with additive measurement noise. There are many possible system identification methods for such systems, including the maximum likelihood (ML) method and the prediction error method. The focus has mostly been on algorithms and implementation, and less is known about the statistical performance and the corresponding Cramér-Rao lower bound (CRLB) for identification of such non-linear systems. We derive expressions for the CRLB and the asymptotic normalized covariance matrix for certain Gaussian approximations of Wiener systems to show how a non-linear sensor affects the accuracy compared to a corresponding linear sensor. The key idea is to take second order statistics into account by using a common parametrization of the mean and the variance of the output process. This analysis also leads to an ML motivated identification method based on the conditional mean predictor and a Gaussian distribution approximation. The analysis is supported by numerical simulations.
means complete. However, most of the research and existing algorithms for Wiener system identification assume that the process noise can be neglected. The corresponding system identification optimization problem is then solved by minimizing the error between the measured and simulated outputs. As pointed out in [11] , process noise will then cause a biased estimate. The Maximum Likelihood (ML) method for stochastic Wiener models was first presented in [10] , and described in more detail in [11] . Efficient numerical algorithms of the ML estimation problem based on the EM algorithm and the particle filter have been presented in [15] , [20] , and [21] . The statistical properties of the ML method for identification of stochastic Wiener systems are, however, less studied. The Cramér-Rao Lower Bound for systems without process noise, where the linear part is a FIR model and the static nonlinearity is a polynomial, is derived in [14] . More recent results on stochastic Wiener system identification including benchmarks can be found in [1] , [17] [18] [19] , and [22] .
The main contributions of this letter are: • Approximate expressions for the Fisher Information Matrix and the asymptotic normalized covariance matrix for identification of stochastic Wiener systems that give insight how a nonlinear sensor affects the accuracy of the identified model. • An identification algorithm for stochastic Wiener systems based on the Conditional Mean Predictor and a Gaussian distribution approximation is derived and analyzed. The structure of this letter is as follows: Maximum Likelihood identification of nonlinear system is summarized in Section II. Formulas for the Fisher Information Matrix and Cramér-Rao Lower Bound are presented in Section III. The special case of estimating the mean of a Gaussian process using a nonlinear sensor is analyzed in detail in Section V. Here the Fisher Information Matrix and the asymptotic normalized covariance matrix are derived for certain Gaussian approximations. This leads to asymptotic error variance results on how the nonlinearity affects the estimate. These results are then generalized to stochastic Wiener systems in Section VI. An example is outlined and numerically evaluated in Section VII. This letter is concluded in Section VIII.
II. THE MAXIMUM LIKELIHOOD METHOD
This section summarizes some general results on system identification of stochastic non-linear systems and is mainly based on [15] . Consider the non-linear stochastic state-space model structure
with the state-vector x t ∈ R n , input-signal sequence {u t ∈ R}, output-signal sequence {y t ∈ R}. The process noise {v t ∈ R} and the measurement noise {e t ∈ R} are assumed to be mutual independent i.i.d. processes with probability density functions (pdf's) p v (·) and p e (·), respectively. The parameters to be estimated are the elements of the vector θ ∈ R m . It is often convenient to represent the model (1) in the stochastic Markov form
where the conditional pdf's describe the dynamics of (1). Here we use the same symbol p θ (·) for different pdf's and let its argument decide which function to use. Later, we will use an extra sub-index to more clearly define a specific pdf. We let θ = θ o denote the true data generating system. The system identification problem is to estimate θ o from N measurements of the input-output response
In order to compute the likelihood function, we apply the socalled measurement update
and the time update
The log-likelihood function log p θ (Y n ) then equals
The Maximum Likelihood (ML) estimateθ ml is obtained by maximizing the cost-function l θ (Y N ) with respect to θ .
III. THE FISHER INFORMATION MATRIX AND THE CRAMÉR-RAO LOWER BOUND Define the Fisher Information Matrix
The covariance matrix Cov{θ} of any unbiased estimatorθ of θ o satisfies the Cramér-Rao bound
In the case of scalar Gaussian distributed observations
the parameter dependent part of the log-likelihood function equals
The corresponding Fisher Information Matrix has the form, see [12] ,
This result only holds for Gaussian distributed noise. A less well known result is that the score covariance matrix (8) corresponding to the cost function (11) but for general noise distribution equals
where
The derivation of (13) is based on calculations of the gradient of (11) as done in [12, Expression (3C.6) , Appendix 3C]. Notice that D t (θ ) = 2C t (θ ) 2 and thus κ(θ) = 1 for a Gaussian distribution, which gives back the result (12) . The kurtosis of a stochastic process equals 2κ(θ) + 1, and is a standard measure of infrequent extreme deviations from the mean of the process. For example, the kurtosis for a standard chi-squared distributed variable with one degree of freedom is 15 compared to 3 for the Gaussian case. The motivation for using (11) for a non-Gaussian distribution is that it can be viewed as an extension of the standard Prediction Error Method (PEM) by also matching the second order statistics.
We will mainly be interested in the asymptotic (large N) performance of the identification methods, which is measured by the asymptotic normalized covariance matrix
and by the asymptotic Fisher Information Matrix (FIM) and corresponding asymptotic Cramér-Rao Lower Bound (CLRB)
The ML method is under certain regularity conditions asymptotically efficient in the sense that it achieves the asymptotic CLRB, [12] , [13] ,
The cost-function (11) makes sense even for a non-Gaussian distribution. The log-part can be seen as a regularization term to penalize a too large variance estimate. The asymptotic normalized covariance matrix of the estimate obtained by minimizing (11) for a general noise distribution equals
It is only related to the CRLB under the Gaussian assumption for which J θ o (N) = I θ o (N). Expression (18) follows, see [13, Ch. 9.2], from analyzing To conclude: The performance of identification methods for stochastic non-linear systems can in principle be evaluated using the results described in this section, for example by the CRLB and the asymptotic normalized covariance matrix. However, one has typically to resort to numerical calculations to determine these expressions. In particular, it is difficult to obtain insights in how a specific non-linearity will affect the identification accuracy. The objective of this letter is to give a more transparent results for the special case of identification of stochastic Wiener systems.
IV. STOCHASTIC WIENER SYSTEMS
Consider a stable scalar discrete time stochastic Wiener dynamic model structure illustrated in Figure 1 ,
It is possible to consider colored process noise v t by using a predictor form model as described in [11, Sec. 3.3] . For a stochastic Wiener system the measurable output y t is a nonlinear function h(·) of the output z t of a stochastic linear system. This can correspond to a non-linear sensor.
The filtering equations (4) for stochastic Wiener models (19) is simplified since there is no correlations in time due to the white noise assumptions, i.e., p θ (y
The interpretation is to marginalize (calculate the average) of the pdf p e,θ (y t −h(G(q, θ)u t +v t , θ)) with respect to the process
where prime denotes the derivative. If h(x) is increasing, the absolute value in the denominator can be removed. The integral (21) may be easier to compute numerically than (20) . Here the θ dependence of h(·, θ) has been omitted due to notation constraints. This expression is obtained by change of integra-
and h is an strictly monotonic differentiable function, then the pdf of z equals
The main challenge of ML identification is how to efficiently calculate the pdf integrals. Notice that one has to calculate one integral per measurement (in total N) just to evaluate the log-likelihood cost function l θ (Y N ) at a certain value of θ . It is also, in principle, possible to numerically calculate the corresponding FIM and CRLB. An efficient way to numerically calculate the expected value of a function of a Gaussian variable is to use the Gauss-Hermite Quadrature
where x i are the roots of the Hermite polynomial H n (x) of degree n and the weights are
The Gauss-Hermite approximation is exact for polynomials g(x) up to order 2n − 1. See [6] for a survey on its use in non-linear filtering and the connection to the unscented transform. It is more difficult to obtain insight, e.g., in how the properties of h(·) affect the accuracy of the ML estimate of linear dynamics.
As mentioned in the introduction, PEM is an alternative to ML. For the stochastic Wiener system (19) the conditional mean predictor equalŝ
which in general can be computed by integration over v. In some cases it is possible to analytically calculateŷ t|t−1 (θ ) and its variance. This is, for example, the case when v t is Gaussian distributed and h(x) is a polynomial.
V. SPECIAL CASE We will motivate algorithms and analysis for ML and PEM identification of stochastic Wiener systems by first studying the special case of estimating a scalar constant m o from the measurement model
This corresponds to a stochastic Wiener model with G(q, θ) = m, θ = m and u t = 1. We assume {e t } and {v t } to be independent zero mean Gaussian distributed stochastic processes with given variances σ 2 e and σ 2 v , respectively. We also assume that the sensor function h(·) is given and known.
We now want to answer the following two questions: 1) How does the quality of the ML estimatem depends on the possible non-linear function h(·) and the noise variances σ 2 v and σ 2 e ? More precisely, how does the asymptotic Fisher Information Matrix, the corresponding Cramér-Rao Lower Bound and the asymptotic normalized covariance matrix depend on h(·), σ 2 v and σ 2 e ? 2) How should the sensor h(·) be designed to suppress noise and at the same time amplify information about the unknown parameter?
A. FIM and CRLB Expressions
It is in principle possible to numerically calculate the FIM and CRLB using the formulas given the previous sections. The corresponding results are, however, quite involved and we will instead derive some approximative FIM and CRLB expressions for the model (25).
To start, what can be learned from the linear case h(x) = Kx? The corresponding model is y t = Km + e t + Kv t , with the ML estimatem
The asymptotic variance of the scaled error
Another special case where it is possible to analytically calculate the asymptotic CRLB is when h(·) is a general differentiable function but there is no process noise, i.e., v t = 0. For this case, [12] ,
The proof is based on a Taylor series approximation. If instead e t = 0 and the function h(·) is invertible we have the relation
By comparing these two non-linear special cases with CRLB for the linear sensor (27),
we note that for low or high values of σ 2 v relative to σ 2 e , we expect the CRLB for a nonlinear sensor to be close to the CRLB for the linear case (31). What happens in between these two extremes is an open problem to be addressed.
B. First Order Approximations
Applying Gauss Approximation Formula
to (25) gives the "first-order" Gaussian model
Notice that this is an approximative model and will not lead to a direct approximation of the CRLB for the general non-linear case. This approximation is usually only valid in a neighbourhood where h(·) is approximately linear. Estimation of m using the model (33) is a Gaussian identification problem with jointly parameterized mean and variance functions
Notice that the noise variances are assumed to be known, since we otherwise may have identifiability problems. We can now directly use the FIM expression (12) , which for this case simplifies to
Evaluation of (35) using (34) gives the FIM expression: Result 1: The Fisher Information Matrix for the first order Gauss approximation model (33) equals
This result gives several new insights. The first term of the FIM expression (36) equals the FIM (27) for the linear case. Notice that this now holds for a non-linear model (33). The reason is that the Gauss approximation formula linearizes the nonlinear noise contribution in an appropriate way. The second term of (36) shows that the uncertainty of the ML estimate is further reduced by utilizing the m dependence of the variance. The improvement in information is proportional to h (m o ) 2 , which makes sense since the variance depends on h (m). The FIM expression (36) shows that a non-linear sensor, with h (m o ) = 0 and gain h (m o ), can give a more accurate estimate of m o than a linear sensor with the same gain K = h (m o ). The improvement is, however, in general moderate since σ 2 v needs to be small for this approximation to hold. The corresponding result for the special case when the measurement noise is small and the function h(x) is invertible is slightly more involved. Applying Gauss Approximation Formula to
leads to the Gaussian model
Here we have also approximated the factor h (m+v t ) by h (m).
The stochastic process (38) has mean and variance
and using (35) gives the FIM expression: Result 2: The Fisher Information Matrix for the first order Gauss approximation model (38) equals
This results is quite similar to Result 1, (36 
C. Second Order Approximation
A more accurate approximation of (25) is the model
This leads to a rather complicated ML problem due to the chi-squared distributed noise v 2 t . The model (41) is exact for a quadratic sensor function h(·) and otherwise an approximation. This approach is related to the unscented transform as discussed in [9] . Rewrite the model (41) as follows to obtain a zero mean noise contribution
The variance of v 2 t − σ 2 v for a Gaussian process equals 2σ 4 v . Hence the approximation (42) has mean and variance
Applying (35) to this model structure gives. Result 3: The Fisher Information Matrix for the (second order) Gaussian approximation of the model (42) equals
The main difference compared to the first order FIM (36) is the influence of the third order derivative h (m o ). Possible improvement due to increased information depends on the size and sign of this term.
As noted earlier the model (42) is not Gaussian and Result 3 has to be modified as described by (18) in order to obtain the asymptotic normalized covariance matrix of the estimate obtained by minimizing (11) . We use (13) to calculate
where κ(m o ) is defined by (14) .
Result 4:
The asymptotic normalized covariance of the estimate obtained by minimizing (11) for the model (42) equals
The scaling γ is related κ in (46) and gives a measure of how worse the accuracy is compared to the Gaussian CRLB based on (45).
D. Conditional Mean Predictor Model
The model (42) has several interesting interpretations. For a cubic sensor function h(m) it gives the conditional mean predictor of y t = h(m + v t ) + e t . However, the corresponding prediction error is not Gaussian distributed. The PEM framework developed in [18] useŝ
and analyze the estimate obtained by minimizing a variance weighted PEM cost-function. A more accurate approach to estimate m is to use the Gaussian ML cost-function (11) and the model
where ε t (m) is zero mean with variance σ 2 ε (m). Thus μ(m) = y(m) and C(m) = σ 2 ε (m). This leads in general to a more accurate estimate than the weighted PEM since the parameter dependence of the variance is taken into account. The corresponding asymptotic covariance matrix is given by (47).
VI. STOCHASTIC WIENER MODEL
The results in the preceding section can be generalized to the stochastic Wiener model (19) with a given non-linear sensor h(·). The simplest case would be to use the Gauss approximation model
for which it is possible to directly apply the ML method (11) using
The corresponding asymptotic Fisher Information Matrix is again obtained by taking the average of (12) . The derivative of h(z t (θ )) will play the same role as for the simple case even if the formulas will be more involved. Also in this case a non-linear sensor together with the modelling of the variance can improve the accuracy of the θ estimate compared to using a linear sensor. The key question is still how valid the approximative model is for the intended use. A more accurate description of (19) is the conditional mean predictor model
(52) The model parameter θ is estimated by maximizing the Gaussian log-likelihood (11) using
This approach has recently been studied in [2] . It is very efficient from an implementation point of view compared to the true ML method.
VII. EXAMPLES
We will now in more detail study the problem how to estimate the mean m from observations of y t = h(m + v t ) + e t . Notice that this is a special case of the stochastic ML system
with m = θ and u t = 1. Furthermore, we will assume that the gain is normalized to h (m o ) = 1, with m o = 1 and that the noises have equal power, σ e = σ v . This is the special case when we according to our theory could benefit from a nonlinear sensor. For a quadratic sensor h(x) = x 2 /2, we obtain the mean and variance
For a cubic sensor h(x) = x 3 /3, we have
We can now calculate the FIM (45) and the asymptotic normalized variance (47) of the model parameter m to evaluate identification performance. For example, the quadratic sensor with m o = 1 and σ e = σ v gives
(57) The scaling κ, for the quadratic sensor case, ranges from 1 to 2.2 when σ v tends from 0 to 1. A more accurate performance measure here than the FIM is the asymptotic normalized variance
For the quadratic sensor h(x) = x 2 /2 the scaling γ varies from 1 to 1.5 in our example. This means that we then can expect worse identification accuracy (larger variance) for higher noise variances than predicted by FIM 3 . For the cubic sensor h(x) = x 3 /3 the scaling factor γ is in the order of 1 to 8, which shows that the true noise distribution here can be far from Gaussian. Next we will compare the asymptotic performance results with finite data simulations. We use N = 1000 observations in the numerical study. The ML estimate is obtained by minimizing
[y t −h(θu t +σ vv ))] 2 } (59) calculated using Gauss-Hermite Quadrature of order 10000. The standard deviation of the ML estimate is calculated from 250 noise realizations. We assume that m > 0 to avoid the obvious identifiability problem using h(x) = x 2 /2. Table I shows that the asymptotic results are in good agreement with the simulations. They provide reasonable estimates of the accuracy of the true ML method. Notice however that the asymptotic standard deviations corresponds to minimizing (11) and not to the true ML function (59) as in the simulations results ML2 and ML3. The proposed conditional mean predictor based identification method obtained by maximizing the Gaussian log-likelihood (11) gives results that are very close to the asymptotic normalized standard deviations Quadratic and Cubic and are thus not reported in the table. The performance of conditional mean predictor based identification method is quite close to true ML method, while the computational efficiency is many magnitudes faster. The identification accuracy is slightly worse for the cubic sensor and rather high noise levels. A reason is that the approximate model (56) has problems to capture the non-linear stochastic behavior due to the cubic function.
VIII. CONCLUSION
We have derived asymptotic variance expressions for identification of certain stochastic non-linear systems. These results give new insights and guidelines for performance analysis and experiment design. We have proposed a computational efficient identification method based on the conditional mean predictor and prediction error variance combined with the Gaussian ML cost-function.
